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Abstract—There have been several algorithms which extend In order to apply the above mentioned FDTD methods to
the finite-difference time-domain (FDTD) solution of Maxwell's  gpen nonlinear structures (e.g., transmission-line structures),
equations to nonlinear electromagnetic problems. Relative to an appropriate absorbing boundary condition (ABC) is re-

other methods, FDTD achieves robustness by directly solving for ~ . LS . .
the fundamental quantities, electric field E, and magnetic field duired to truncate an infinite computational domain for a

H in space and time, rather than performing asymptotic analy- practical simulation. Similar to the conventional ABC, the
ses or assuming paraxial propagation and nonphysical envelope requirement for the nonlinear ABC is that it is able to

functions. As a result, the FDTD method is almost completely effectively absorb nonlinear electromagnetic waves impinging
general and can account for any type of electromagnetic prob- on it

lems. As in linear cases, for a practical simulation, nonlinear o o
FDTD modeling also requires the development of absorbing ~ Since the initial work by Berenger [12], the perfectly

boundary conditions (ABC'’s) to effectively absorb the nonlinear matched layer (PML) has been demonstrated in many cases
electromagnetic waves for open nonlinear structures. In this to pe the most effective ABC for linear electromagnetic-wave
paper, based on the Berenger’s perfectly matched layer (PML), propagation [1], [13]. Standard PML’s consist of lossy layers

a nonlinear PML (nPML) absorbing scheme is presented and ©. . . S
then implemented in the transmission-line matrix (TLM)-based With both electric and magnetic conductivities [12]. By de-

FDTD method. Numerical results are given to demonstrate the liberately splitting the field quantities in Maxwell’s equations

effectiveness of the nPML proposed. and appropriately selecting loss parameters in PML regions,
|ndex Terms_Absorbing boundary’ absorption’ FDTD’ non- Zero reﬂectIOI’lS betWeen the PML |a.yer a.nd vacuum and
linear PML, TLM. between the PML layers themselves are achieved regardless

of incident angles and frequencies, while the waves inside the
PML region are attenuated as they propagate. When such an
_ o ~attenuation is made large enough with a sufficient number of
DU_E TO THE potential applications such as all-opticalhe PML layers, the overall reflections from a PML absorbing
signal processing [1]-{3], properties of electromagnetisoyndary become extremely small, being several orders of
waves in nonlinear media have received increasing attemiﬁ’&gnitude lower than those achievable by other absorbing
[1]-[10], [14], [15]. Since finding analytical solutions forcqngitions developed thus far. Various numerical experiments
nonlinear waves without certain approximations is difficulf,ove validated this claim.
numerical techniques, both in frequency domain [3]-[7] and g\, ther studies and enhancements of the PML scheme
in time domain [1], [8]-{10], [14], [15], have to be em-p e peen recently reported. The so-called modified PML
ployed.' Among .the numgrlca] technlql.!es of tme doma'SEAPML) is one of them [17]. In MPML, extra parameters
ari varlouslver58|onslzf flnlltg—dlfcf)erenc]? tlr:ne-domak:n.(FDTDI r permittivity and permeability are introduced to enhance
schemes [1], [8], [14], [15]. One of these techniques the absorption of the evanescent energy, but without affecting

the transmission-line matrix (TLM)-based FDTD method th he absorption performance for propagation modes. The result

combines features of both FDTD and TLM methods [16 5 a further reduction of distance between the PML boundary

The method can account for very general electromagnegﬁd scatters, leading to the saving of central processing unit
problems and allows the direct use of field quantities and dir ' 9 9 P g

implementation of anisotropics for simulation and modelingg PU) time and memory.

electromagnetic problems. Like the FDTD of Yee’s scheme In spite of all these developments, to the best knowledge

the TLM-based FDTD has been successfully applied to tl% tlhe gluthorls, talll_the P'\fl‘ tschemest_reported thl:]S far are
nonlinear electromagnetic-wave problems [14]. applicable only to linear electromagnetic waves (where con-

stitutive parameters are independent of field intensities); they
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region is chosen to be the same as the dielectric constant of

Solution domain: PML area: the solution domain. It then gradually changes to bigger values
along the direction to the end layer of the MPML. Reference
17] gives the details about the selection of the approps
em (00 (e.10) z 1719 ppropeigte

and x(z). The relationship betweef and D is not constant
any more, but dependent on locations.

Again, to ensure the zero reflections, the following matching
conditions must be met [17]:

Fig. 1. The PML geometry. Te T
e~ . er(z) = 1 (2) ()

Solution domain: MPML area: which allows the determinations of other quantities, o,
g-(2), and p,.(z).
(€€.(2), UL(D) , Note that in (1) and (2)¢ and . are the permittivity and
(& W (0.0) T E— permeability of the linear background medium. They are not
(0,(,0,) necessarily the vacuum permittivity and permeability.

Now, let us consider the situation of a nonlinear wave. For
a nonlinear electromagnetic wave, the relationships between
the field component$£, H) and flux densitieg D, B) are
no longer linear. That is, permittivity and permeability of
a medium are not constants. In other words, they become
an FDTD simulation. The nPML scheme is implemented ifot only location-dependent, but also dependent on the field
the TLM-based FDTD scheme [16] developed in our researiiensity and, therefore, time. As a result, to enable a PML
group. Numerical results confirm the effectiveness of nPMIEO absorb such nonlinear waves in a time-domain Scheme'
Implementations of the nPML in other FDTD schemes Su%rmittivity and permeability of a PML need to be changed
as Yee's scheme [1] can be done in the same way and shoyleh time or numerically to be updated at each time step.
be straightforward. Note that the authors have presented then g nonlinear medium& fields can be expressed in terms of
original form of the nPML scheme in [7]. However, in thisglectric flux densities plus terms related to linear and nonlinear

paper, the nPML scheme is further enhanced by introducipg|arizations. For simplicity, consider a one-dimensional (1-D)
the iterative technique into the nPML operations, in additiofgse where we can have

to the extensive numerical experiments, including soliton

(0,,0,,)

Fig. 2. The MPML geometry.

. 1
propagation. E, = o (D, — P, — Pk — Pg). 3)
0coo
II. THE NnPML SCHEME Here, ¢, is the relative permittivity of a nonlinear medium

i\é\%hen the operating frequency goes to infinit};, is the
: ) ear polarization term.Px is the nonlinear polarization
ﬁstwsernfle:ﬁ (iovrcpr%nel’@[l:, H)nartIicti ftlil\J/X der;S'rt%(lt)’ B) ar;e term corresponding to the so-called “Kerr effect,” afth

ear. In other words, the constitutive para _eéms_.s) O is another nonlinear polarization term due to the Raman
a medium are constantly independent of the field intensities

) Scattering. Equation (3) can be numerically realized in an
Therefore, the PML can absorb only Imea_r ele_ctromagne?_beD formulation with a recursive formula usirirtransform
waves. The formulation of such a PML first involves thjS

splitting of the Maxwell's equations, and then the introductio

of both electric and magnetic conductivity, as shown Fig. 1 If the £'and D are found at each time, the equivalent
. : —— ’ " Permittivity £ for the PML operations can be calculated as
where a PML is placed in the-direction. As a result, the P ye P

In the PML scheme developed thus far, the relationshi

electromagnetic wave traveling in thedirection will be e=D/E. (4)
attenuated very quickly without reflections in the PML region
and thus absorbed. Substituting it into the matching conditions (2), one can obtain

To ensure zero reflections between layers, including thee other parameters in the matching conditions for PML and
interface between the solution domain and the PML, tiben perform PML operations.
following matching condition must be satisfied [12]: However, in an actual simulation, (4) asks for up-to-date
0. o, which is a function of the up-to-date electric fiekd This £
?' = (1) has to be updated at the current time step via the PML-split
FDTD equations. Therefore, one needs to solve (2)—(4) and the
However, in the MPML, the extra relative dielectric consplit-PML FDTD equations simultaneously (instead of solving
stantsz,.(») andu,.(2) are introduced and varied in the MPMLthem separately) in order to obtain One of the techniques
region (see Fig. 2). The result is that absorption of evanescentto use the iterative method. That is, first give an initial
energy is improved, while the absorption for propagatioguessed value fof, substitute it into (3) and the split-PML
modes remains the same. The dielectric congtam the first FDTD formulations to obtain the new and D, and compute
layer at the interface between the solution domain and MPMhe second iteration value ferwith (4). Then, substitute this
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second value to (3) and the PML FDTD formulations, and Here, nq is the linear part of the refractive index while
compute the third value farwith (4). Repeat the process untiln, is the nonlinear coefficient for Kerr-nonlinearity.y is

e converges to a stable value. In our case, weldg& on the dimensionless anch, has units of /V2. Generally, the
PML layer left (which has been calculated) to the current PMhonlinear term of (5) is very small compared g [1], [3].
layer as the first guess ferand proceed with the iterations.Therefore, relative dielectric constant of the nonlinear medium
However, numerical experience shows that in the cases wan be obtained approximately as [1], [3]

simulated, a single iteration is sufficient to give very good y y

absorption of a nonlinear wave. This may be due to the fact & & (ng + 2non2|E]")eo. (6)

that an FDTD mesh has to be made fine enough so that either that the nPML ion is | 110
linear or nonlinear waves have small spatial variations acroséAssume atthe n region 1S from fayer 1 10 iayer

two neighboring cells (otherwise, simulation results will no\f"Ith layer 0 being in the problem domain. As discussed before,

be correct because of the possible large numerical dispersié’ﬁ?. then have
As the result, the equivalent permittivity indicated by (4) will
not be changed much between two neighboring cells (or two

layers in our case), and the equivalent permittivity of thgs the first guess affor layern+1 (n = 0,1,2,---,m—1) at
layer left to the current layer can be a very good guess fgach FDTD time step. Since it is related to the instantaneous
the equivalent permittivity of the current layer, leading telectric-field intensity, it varies with time.
the fast convergence. In consequence, the nPML computatiorrhe matching condition, which dictates the relationships
count does not increase in comparison with the linear PMhmong the electric conductivity, magnetic conductivity, per-
A specific example will be given in Section III. mittivity, and permeability, remains the same as (2). In our
As a summary, the nPML computation procedure for eaginmulation, 16 PML layers were used ang,.. was chosen
time step can be described as follows. to be 44640 s/m. The other PML parameters were taken the
1) Perform the regular nonlinear FDTD calculations in theame as those in [17].
solution domain. To further reduce the reflections, instead of placing perfect
2) Obtaine at the solution-domain layer which interfaceconducting wall as a termination for the last nPML layer, a
with the nPML, and then use this value as the dielectrresistance wall withE/H = the wave impedance of the last
constant of the first layer of the nPML region. cell [14] is employed. This should dissipate some of the wave
3) Find all the other nPML parameters required for the firgnergy incident on it, thus decreasing the magnitude of the
nPML layer based on the matching conditions (2) (iwaves reflected from the nPML termination.
the same way as that for the linear MPML). Perform the The 3-D TLM-based FDTD with nPML is used to simulate
nPML computation for the first layer using the abovethe 1-D problem [14]. A spatially distributed symmetric pulse
mentioned iterative method. was excited at the initial time= 0. The nonlinear parameters
4) Record the ratio oD to E of the first nPML layer and for the nonlinear medium were taken as the same as [15]. To
use it for the second nPML layer computation, agaiensure that the nonlinear wave is indeed excited, a reference
using the iterative method. Once done, rec@rdF of simulation with the linear medium of the same dimensions,
the second nPML layer. initial excitation, and grids was also run. Fig. 3(a) shows the
5) UseD/E of the second nPML layer for the third nPMLsimulation results of the linear and nonlinear media terminated
layer and repeat the similar computation steps for thirdiith the same resistance wall without PML and nPML.
fourth, ..., until the last nPML layers. For each nPML As can be seen, both linear and nonlinear waves are indeed
layer, D/E of the previous layer is used as its guessegkcited. They behave differently, especially for the reflected
¢ value. waves. For the linear waves, both incident and reflected waves
6) Go back to 1) for next time step computation. are spatially symmetrical because the initial spatial excitation
The above scheme has been implemented in the TLM-basegymmetrical. However, for the nonlinear waves, both for-
FDTD method developed in our group. A three-dimension#iard and reflected waves become spatially asymmetrical. They
(3-D) code is written and used to validate the proposed nPM&(€ tilted toward the propagation direction. More significantly,
as described in the following sections. For comparison reasofitagnitude of the nonlinear reflected wave is much larger
a simple 1-D nonlinear wave, temporal soliton, and Spatiman that of the linear reflected wave. This indicates that the
soliton, which had been studied before, were computed. Wwaves, both linear and nonlinear, react differently to the same
boundary, thus confirming that a nonlinear wave was excited.
Once existence of the nonlinear wave was confirmed,
1. nPML ABSORPTION OF1-D NONLINEAR WAVES 16-layer PML’s and nPML’s were then inserted between the
Consider a 1-D Kerr-type material that assumes an instggelutions domain and the resistance wall in both linear and
taneous nonlinear response. The nonlinearity here is modefeulinear cases, respectively. Fig. 3(b) shows the simulation

&(znt1)( 1§ + 2non2| E(2,))e0 (7)

by the following very simple relation [1], [3]: results.
As can be seen, both reflected linear and nonlinear waves
D=cFE (5) become invisible and, therefore, can be assumed having been

absorbed effectively. We conclude that the nPML works very
with &€ = n?eg = (no + n2|E|?)%eo. well in absorbing the nonlinear waves.
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Fig. 5. (a) Soliton recorded at two different time instants: 8000th and

0.2
0 10000 20000 30000 40000 50000 60000 15000th time steps. (b) The reflected waves after the soliton impinges on
Time step the nPML.

(b)

Fig. 3. (a) Simulation results for linear and nonlinear waves without PML’

(b) Simulation results for linear and nonlinear waves with PML's. Tthosen for our testing for two reasons: soliton propagation

involves not only nonlinearity, but also temporal or spatial
0.03 dispersion. As a result, the effectiveness of the nPML can be
evaluated in a wider scope. Secondly, solitons are the most
interesting nonlinear phenomena, which have been studied
0.02 - theoretically and later proven experimentally. They have been
tested for long-haul error-free data transmission [18].

0.01} A. 1-D Temporal Soliton

The TLM-based FDTD has been successfully applied to
simulate 1-D soliton in Kerr-type nonlinear media and the

0.00 results has been verified with the results from other techniques
'l, ‘ [14]. By terminating the nPML at both ends of the computation
i domain, the effects of the nPML can be evaluated. In the

L simulation, the soliton was assumed to be switched @r=a6
0 10000 20000 30000 40000 50000 60000 in Type-RN Corning glass [1]. The nonlinear parameters are
ng = 2.46 andns = 1.25 x 10~ m?/W. When the initial
pulse is given with sufficient strength, nonlinear effects will
%e large enough to cancel the dispersive effects of the medium,
forming a soliton (i.e., a pulse whose temporal shape will not

For a quantitative description of the nPML absorptiorgshange as it propagates). The incident field in our case was
Fig. 4 shows the magnitude of the nonlinear wave reflecteal pulse with a center frequency of 137 THz modulated by a
recorded at a fixed spatial point in the solution domain. Valugyperbolic secant envelope function with a characteristic time
on the vertical axis were normalized to the peak value of tlwenstant of 14.6 f/s [9]. The FDTD cell size was 52.8 nm. The
incident wave and are shown in percentage. It can be sesre of the computation domain was 3032 cells terminated at
that the amplitude of the reflected nonlinear wave is veboth ends with the nPML. Every nPML region had 16 layers
small in comparison with the incident wave. The reflectiowith o, being 94000 S/m and = o,,..(p/8)>.
magnitude in reference to the peak of the incident wave isFig. 5(a) shows an incident solitary pulse with amplitude of
less than—72 dB in time domain. It shows that the nPMLabout 1.2x 10” V/m at two different times corresponding to
does absorb the nonlinear wave very effectively. 8000 and 14 000 time steps. The pulse had to be made strong
enough such as to engage the nonlinear behaviors in the pulse
dispersion, and thus induce the soliton propagation.

In this section, soliton propagation in one- and two- Fig. 5(b) shows the reflected pulse at 22 000 and 26 000 time
dimensional cases is simulated with nPML. Solitons wewsteps due to the terminated nPML’s. The maximum amplitude

Reflected E-field (% in ratio to the
peak value of the incident E-field)

-0.01

Time step

Fig. 4. The nonlinear wave reflected from the nPML recorded at a fix
spatial point.

IV. nPML ABSORPTION OFSOLITONS
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Fig. 7. Spatial soliton recorded at the 7800th time step.

of the reflected waves is about 12500 V/m. However, whef 2.31 x 10'* Hz (A = 1.3 zm). The beam was assumed
it is compared with the maximum of the incident wave, abowd be switched on at = 0 in Type-RN Corning glass
1.2 x 107 V/m, the reflected wave is only 0.1% of the incidenagain [1] and the nonlinear parameters wege= 2.46 and
wave. This corresponds to absorption of abe60 dB. Again, n, = 1.25 x 10~ m?/W. The two-dimensional case was

the nonlinear electromagnetic wave was found to be absorhggtcessfully simulated in [1] using the conventional FDTD of
very well by the nPML. Yee's scheme.

To ensure that the spatial soliton can be indeed excited in
B. Two-Dimensional Spatial Soliton the FDTD grid, a parallel reference simulation for the same

Two-dimensional spatial-soliton propagation was simulat edium, but without the nonllnearlty. terms (I'.BQ’ .: 0), was .
in this case. In a linear medium, when a spatial pulse S0 run. Thus, the pulse propagauon in th|s. Imear_medym
propagating in a two-dimensional plane, the pulse will sprea ,ould present traverse spreading (due to the linear diffraction)
due to linear diffraction, in the direction transverse to th@"d comparisons between the results for linear and nonlinear
intended propagation direction. However, if the medium f@€dia can be made.
replaced by a nonlinear medium, the transverse spreading‘\Ssuming that thez-direction is the propagation, Fig. 6
of the pulse can be completely cancelled by the transver§8OWs the pulse propagation in the linear medium, while Fig. 7
beamwidth sharpening effect of self-focusing due to nonline&ows the spatial-soliton propagation in the nonlinear medium.
ity, provided that the pulse is initially given sufficient strengthT he initial excitation pulses were exactly the same in the two
Consequently, the pulse will propagate without changing ie&ses. As can be seen, the pulse in the linear medium indeed
spatial shape, forming a spatial soliton. FDTD calculatiorgpread (in thec-direction in this case) as it propagates, while
were made for such propagation. The initial excitation for e pulse in the nonlinear medium does not. This indicated that
single beam is of a hyperbolic-secant transverse profile witte nonlinear medium was correctly simulated and a spatial
an intensity beamwidth of 1.3m and a carrier frequency soliton was induced.



XU et al. NUMERICAL VALIDATION OF NONLINEAR PML SCHEME 1757

15 infinite line 0.11 |
L | coace withnPML i i

0.09
0.07 |
0.05 |
0.03
0.01 |
-0.01
-0.03
L 0.05

Errorin %

PR ST SN (NN SN UM SN S Y T Y N S SO S TN N

0 J00 400 600 800 1000 1200 1400 1600 1800 2000 100 120 140 160 180 200 220 240 260 280 300

Time step Frequency (THz)

Fig. 8. Variations of theZ,, -component of the spatial soliton with time. Fig. 10.
domain.

Relative errors of theZ, simulated with nPML in frequency

25

—— Fig. 9 gives comparison of the electric fields, in the
infinite line . .
20 - ceoteers with nPML frequency domain between the two cases. A peak is shown
I at the frequency of 2.3% 10** Hz (A = 1.3 ym) which is, as
expected, the carrier frequency of the excitation. The ripples
beside the peak can be considered as the result of truncation
of the time in simulation. It can be now seen that, in frequency
domain, the differences between the longer domain case and
the nPML case are also very small, even in the ripple region.
ot ™, ML Y8 Fig. 10 shows the relative errors. As can be seen, the difference
100 120 140 160 180 200 220 240 260 280 300 is less than 0.1%, which corresponds—+60 dB of absorption.
Freguency (THz) The nPML is again proven to work very well in absorbing the
Fig. 9. Fourier transform of, . nonlinear electromagnetic waves.

. . . _ ) V. CONCLUSION
Once the induction of the spatial soliton was confirmed,

we proceeded to measure the nPML absorption of the spati
soliton. To be able to measure the absorption numerically, \ﬁg
ran two simulations: one with a longer computation domafh
(serve as a benchmark solution) and the other with a shor?ggm'ttlvny and permeability of the nPML's in accordance
computation domain with nPML terminated in both ends alon ith nonlinearity of a nonlinear medium. In the subsequent

the z-direction. In doing so, the absorption effect of the nPM wrr:((:arrllC|?1|\/§I)\(/Zerl:)r:t?]ntr?onﬁgllc\r;ezagvz\:ssergi/ze(;?fg)étsoglt‘ogs
can be evaluated by comparing the results from the t P

edlum) were successfully simulated with the nPML termi-
simulations.
. L . nations. As a result, effectiveness of the nPML was demon-
The longer computation domain is witBO0A! (in z) x
) . . strated. FDTD schemes can now be applied to nonlinear open
1800AI! (in 2) while the shorter one (which has the nPML>
o L . . structures, and application scope of FDTD methods are further
terminations) is with300A! (in x) x 170Al (in 2). In both
. . . expanded. Although the proposed nPML was implemented in
cases, the FDTD cell siz&l is 52.8 nm in bothz- and . .
T S : . .~ the TLM-based FDTD, it should also be easily implemented
z-directions, and the-direction is the propagation direction.

o . .~ 'in other FDTD schemes such as Yee's scheme.
The excitation was set at = 50Al. An observation point . . : ) .
was selected at — 150AL For the longer domain simulation. It is noted that at the time of this paper’s revision, a further-
= 19
roved PML scheme, the PML-D scheme, was reported in
with the number of iterations being selected as 2000, the fi ‘P&? P

ded at the ob i int b dered for an effective general absorption of propagating and
recorded at the observation point can be considered as i ,aqcent waves. The authors believe that the nPML scheme

incident wave. The reason is that the wave reflected fro oposed in this paper can be implemented with the PML-D

the terminations does not reach the observation point un eh : . :
eme for the effective absorption of both propagating and
2000 iterations. We, therefore, can treat the longer domaéo P propagating

Enescennonlinear waves.
case as the infinite long case and its solution as a benchmar

|n this paper, an nPML scheme is presented for effective
sorption of nonlinear electromagnetic waves propagating in
nonlinear medium. The nPML is established by varying the
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